Abstract. We show that there is a field F complete with respect to a discrete valuation whose residue field is perfect and there is a finite Galois extension K|F such that there is no solvable Galois extension L|F such that the extension KL|K is unramified, where KL is the composite of K and L. As an application we deduce that that there is a field F as above and there is a smooth, projective, geometrically irreducible curve over F which does not acquire semi-stable reduction over any solvable extension of F .
Introduction
We say that a finite Galois field extension K|F is solvable if its Galois group is solvable. In this paper we will show the following: Theorem 1.1. There is a field F of characteristic zero complete with respect to a discrete valuation whose residue field is perfect and there is a finite Galois extension K|F such that there is no solvable Galois extension L|F such that the extension KL|K is unramified, where KL is the composite of K and L.
This result gives a counterexample to Lemma 6.4 of [9] on page 632. Its proof is also quite intricate, for example it uses some non-trivial facts about Drinfeld modular curves. However it is mainly interesting because it has the following Corollary 1.2. There is a field F of characteristic zero complete with respect to a discrete valuation whose residue field is perfect and there is a smooth, projective, geometrically irreducible curve over F which does not acquire semi-stable reduction over any solvable extension of F .
This result is significant because it opens up the possibility to go beyond the results of my paper [9] in its quest to construct curves of a given genus without solvable points. In a joint paper [6] Gyula Károlyi and I determined the set of natural numbers for which the original method of [9] can work which uses curves with semi-stable reduction. This set does not contain the number 23, for example, but it looks unlikely that every genus 23 curve has a solvable point. However it might be possible to construct counter-examples with this genus by using a curve which will not acquire semi-stable reduction over any solvable extension.
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The contents of this paper are the following. In the next section we prove Theorem 1.1. In the third section we first give an overview of Gerritzen's uniformisation theory of abelian varieties by non-archimedean tori, then we derive Corollary 1. 
with its usual SL 2 (F p )-action. Then for every finite solvable Galois extension P |F the image of
Proof. Note that Gal(LP |P ) is a normal subgroup of Gal(L|F ) whose quotient subgroup is isomorphic to Gal(P |F ), and hence the image of Gal(LP |P ) in the quotient SL 2 (F p ) of Gal(L|F ) by M is also a normal subgroup with a solvable quotient. Since the only such subgroup of SL 2 (F p ) is itself we get that Gal(LP |P ) surjects onto the quotient SL 2 (F p ) of Gal(L|F ). This means that we may reduce to the case when Gal(P |F ) is a group whose order is a prime l by induction on the order of Gal(P |F ). The quotient group I F /I P is isomorphic to Gal(P un |F un ) where F un and P un are the maximal unramified extensions of F and P , respectively. Since Gal(P un |F un ) is a subgroup of Gal(P |F ) we get that the index of I P in I F divides l. Therefore the image R of I P in Gal(LP |P ) is a normal subgroup of N of index dividing l. Moreover R is a normal subgroup in Gal(LP |P ) so it is invariant under the action of SL 2 (F p ). Because the action of SL 2 (F p ) on N is irreducible we get that R is equal to N . Notation 2.3. For every local field F as above let O F and k F denote its valuation ring and its residue field, respectively. Let ord F denote the valuation of F normalised such that ord F (π) = 1 for every uniformizer π ∈ O F . Let e = ord F (p) denote the absolute ramification index of F . For the sake of simple notation let U F = O * F and for every i ∈ N let
In the next three lemmas we will assume that F contains the p-th roots of unity. Let m = e/(p − 1). Lemma 2.4. Every extension K|F which we get by adjoining a p-th root of any α ∈ U (mp) F is unramified.
Proof. We may assume without the loss of generality that α is not a p-th root in F . Let β ∈ K be a p-th root of α and fix a uniformizer π ∈ F . Then γ = π −m (β −1) generates the degree p extension K|F . The minimal polynomial of this element is:
This is a monic polynomial whose constant term π −mp (1 − α) is in O F by assumption. For every integer k with 1 ≤ k ≤ p − 1 we have:
. Let L|F be the unique unramified Galois extension such that k L is the splitting field of
is contained in L, and hence it is an unramified extension of F as we claimed.
F and hence there is a positive integer n and an x 0 ∈ O * F such that x = 1 + π n x 0 . By the binomial theorem:
Assume first that n < m. Then for every integer k with 1 ≤ k ≤ p − 1 we have:
and hence
. This is a contradiction, so n ≥ m. In this case
and hence x p ∈ U (mp) F as we claimed.
For every group G and for every
Lemma 2.6. Let K|F be a finite unramified Galois extension with Galois group
and hence induces an isomorphism:
This isomorphism is Gal(K|F )-equivariant where we consider k K as a Gal(K|F )-module via the natural action of Gal(k K |k F ) and we equip U
with the quotient Gal(K|F )-module structure. By applying Lemma 2.5 to the local field K we get that there is a natural quotient map:
-module generated by N . Since M 0 is the F p -span of all the Gal(K|F )-conjugates of N , and since that set is finite, we get that M 0 is a finite
be a set of representatives of M 0 and let L|K be the finite Galois extension which we get by adjoining the p-th roots of M . This extension is independent of the choice of M and since M 0 is invariant under the action of Gal(K|F ) the extension L|F is also Galois. By Kummer theory Gal(L|K) is isomorphic to M = M could be a p-th root. Therefore the extension L|K is ramified and so the image of I F in N ∨ is non-trivial. Because N ∨ is the dual of an irreducible F p [Gal(K|F )]-module, it is also irreducible and hence the image of I F must be N ∨ itself.
Proposition 2.7. Let f be an infinite perfect field of characteristic p whose Brauer group has trivial 2-torsion and let k|f be a finite Galois extension. Let N be an F p [Gal(k|f )]-module which has dimension two as a vector space over F p . Then there is a F p [Gal(k|f )]-submodule of k which is isomorphic to N .
Proof. Note that it will be enough to show that there is an
In fact in this case the action of Gal(f |f ) on the extension of f generated by M factors through Gal(k|f ). Therefore M will be a submodule of k by the fundamental theorem of Galois theory. Let A denote the polynomial ring F p [t]. We may consider f as an extension of the residue field F p = A/(t + 1) of the prime ideal (t + 1) A and hence we may talk about Drinfeld A-modules of rank 2 of characteristic (t + 1) with coefficients in f . For such a Drinfeld A-module φ its t-torsion group scheme φ[t] isétale and hence
-submodule of f which has dimension two as a vector space over F p .
Let Y (t) be the Drinfeld modular curve over F p = A/(t + 1) which parameterizes Drinfeld A-modules of rank 2 of characteristic (t+1) with a full t-level structure. By fixing an F p -basis of N we get a continuous Galois representation ρ : Gal(f |f ) → GL 2 (F p ). Let Y ρ be the twist of Y (t) with respect to ρ via the natural action of GL 2 (F p ) on Y (t). The f -valued rational points of Y ρ correspond to Drinfeld A-modules of rank 2 of characteristic (t + 1) with coefficients in f such that the Gal(f |f )-module φ[t](f ) is isomorphic to N . Since the smooth compatification of the affine curve Y (t) is geometrically irreducible of genus zero, the same holds for Y ρ . As the 2-torsion of the Brauer group of f is zero we get that Y ρ has a Zariski-dense set of f -valued points.
Proof of Theorem 1.1. Let p ≥ 5 and let f be the perfection of a function field of transcendence degree one over an algebraically closed field of characteristic p. Then there is a finite Galois extension k|f with Galois group SL 2 (F p ) by Harbater's theorem (see Corollary 1.5 of [5] on page 284). Let F be the field which we get by adjoining the p-th roots of unity to the fraction field of the ring of Witt vectors of f and let K be the unique unramified extension of F with residue field k. By Tsen's theorem the Brauer group of f is trivial and hence there is a Gal(k|f )-submodule N ≤ k K which is isomorphic to F 2 p with its usual SL 2 (F p )-action by Proposition 2.7. Because F 2 p is self-dual as an F p [SL 2 (F p )]-module we may apply Lemma 2.6 to the extension K|F and the module N to get a finite Galois extension L|F which satisfies the conditions in Lemma 2.2. The claim now follows from this lemma.
Abelian varieties which do not become semi-stable after any solvable extension
Definition 3.1. For every algebraic group T over a field F which is a split torus, let C(T ) denote its group of cocharacters. Then C(T ) is a free and finitely generated abelian group whose rank is equal to the dimension of T over F . The group T (F ) of F -valued points of T is canonically isomorphic to F * ⊗ C(T ). Now let F be a field complete with respect to a discrete valuation v : F * → Z. A subgroup Λ of T (F ) = F * ⊗C(T ) is called a discrete lattice if the restriction of the homomorphism v ⊗1 : F * ⊗C(T ) → Z⊗C(T ) to Λ is injective and it has finite cokernel. In this case the quotient T /Λ exists in the category of rigid analytic spaces and it is a proper rigid analytic group such that the quotient map T → T /Λ is a homomorphism of rigid analytic groups (see pages 324-325 of [3] ). Let End(T, Γ) denote the ring of endomorphisms of the algebraic group T over F such that φ(Γ) ⊆ Γ. The operation of forming quotients induces an injective homomorphism
where the latter is the ring of rigid analytic endomorphisms from the rigid analytic group T /Λ.
Theorem 3.2. The homomorphism h T,Λ is an isomorphism.
Proof. This is Satz 5 of [2] on page 33. Theorem 3.3. Let F be a local field, let T be a split torus over F and let Λ ⊂ T (F ) be a discrete lattice. Then the quotient T /Λ is isomorphic to the rigid analytic variety underlying an abelian variety over F if and only if there is a homomorphism λ from Λ to the character group Hom(T, G m ) of T such that the bilinear map:
Proof. This is Theorem 5 of [3] on page 338. Notation 3.4. For every field F and for every commutative group scheme B over F let End(B) denote the ring of endomorphisms of B as a group scheme over F . Moreover let Aut(B) ⊆ End(B) denote the group of automorphisms of B over F . Let F be a local field, let T be a split torus over F and let Λ ⊂ T (F ) be a discrete lattice such that the quotient T /Λ isomorphic to the rigid analytic variety underlying an abelian variety B over F . By GAGA (see Theorem 2.8 of [7] on page 349) the ring of endomorphisms of B as a group scheme over F and the ring of rigid analytic endomorphisms of the rigid analytic group T /Λ are the same. Let g B : End(B) → End(C(T )) denote the ring homomorphism which is the composition of h 
End(T, Λ) −→ End(T ) = End(C(T )).
Finally let f B denote the Q-linear representation
Lemma 3.5. Let F be a local field and let ρ : G → GL(V ) be a representation of the finite group G on a finite dimensional vector space V over Q. Then there is a split torus T over F and a discrete lattice Λ ⊂ T (F ) such that the following holds:
(i) the quotient T /Λ isomorphic to the rigid analytic variety underlying an abelian variety B over F , (ii) there is an injective homomorphism σ : G → Aut(B), (iii) the representation (f B ) • σ is isomorphic to ρ.
Proof. Note that there is a G-submodule Γ < V which is a finitely generated, free Z-module of rank dim(V ) and spans V as a vector space over Q. Let T be a split torus over F such that C(T ) is equal to Γ. Choose a uniformizer π ∈ F * and let Λ < F * ⊗ C(T ) be the abelian group generated by the set {π ⊗ γ|γ ∈ C(T )}. Let v : F * → Z be the valuation on F normalised such that v(π) = 1. Under the homomorphism v ⊗ id C(T ) the group Λ maps isomorphically onto its image which is Z ⊗ C(T ). Therefore Λ is a discrete lattice in T (F ).
Let ·, · : V × V → Q be a symmetric positive definite bilinear form. We may assume, by multiplying by a positive integer, if it is necessary, that ·, · takes integer values on C(T ) = Γ. Let θ : C(T ) → Hom(C(T ), Z) be the homomorphism given by the rule θ(α)(β) = β, α for every α, β ∈ C(T ). Let λ : Λ → Hom(T, G m ) denote the composition:
The map λ satisfies the conditions of Theorem 3.3, and hence the quotient T /Λ is isomorphic to the rigid analytic variety underlying an abelian variety B over F . Note that the natural action of G on F * ⊗ C(T ) induced by the G-module structure on C(T ) = Γ leaves the subgroup Λ invariant. Therefore the natural action of G on T descends down to the quotient T /Λ, that is, there is an injective homomorphism σ : G → Aut(B) by GAGA. The objects T, Λ, σ obviously satisfy condition (iii) above.
For every abelian variety A defined over a field F and for every prime number l different from the characteristic of F let T l (A) be the l-adic Tate module of A and let V l (A) denote the Galois representation T l (A) ⊗ Z l Q l over F . For every group G, for every representation ρ : G → GL(V ) on a vector space V over Q, and for every prime number l let ρ l : G → GL(V ⊗ Q Q l ) denote the Q l -linear extension of ρ. Proposition 3.6. Let F be a local field and let ρ : Gal(F |F ) → GL(V ) be a representation on a finite dimensional vector space V over Q which is continuous with respect to the discrete topology on GL(V ). Then there is an abelian variety A defined over F such that for every prime number l different from the characteristic of F the Gal(F |F )-representation V l (A) has a quotient isomorphic to ρ l .
Proof. Let G be the image of Gal(F |F ) with respect to ρ and by slight abuse of notation let ρ denote the representation furnished by the inclusion G → GL(V ). Let T be a split torus over F and let Λ ⊂ T (F ) be a discrete lattice which satisfies the properties of Lemma 3.5 with respect to the group G and the representation ρ. As above let B be an abelian variety over K which is isomorphic to T /Λ as a rigid analytic variety and let σ : G → Aut(B) be a homomorphism which satisfies conditions (ii) and (iii) of Lemma 3.5. Now let l be a prime number different from the characteristic of F . The quotient map i : T → B induces an injective homomorphism i l : T l (T ) → T l (B) where T l (T ) is the Tate module of the torus T . The cokernel of i l is isomorphic to C(T ) ⊗ Z Z l equipped with the trivial Galois-action. Therefore there is a short exact sequence:
of Gal(F |F )-representations, where for every Q l [Gal(F |F )]-module W we let W (1) denote the Tate twist of W , and we let Gal(F |F ) act on C(T ) trivially. The composition of ρ : Gal(F |F ) → G and σ furnishes a cohomology class in the pointed Galois cohomology set H 1 (F, Aut(B F )). Let A denote the twist of B with respect to this class. Because the action of G on B lifts to T , its action on V l (B) respects the filtration of (3.6.1). Therefore there is a short exact sequence:
where Gal(F |F ) acts on V via ρ. The claim is now clear.
For every variety V defined over a field F and for every extension K of F let V K denote the base change of V to Spec(K). Recall that we say that an abelian variety A defined over a local field F has semi-stable reduction if the fibre over Spec(k F ) of its Néron model over Spec(O F ) is a semi-abelian variety. We will need the following fundamental result. Theorem 3.7. Let F be a local field and let A be an abelian variety defined over F . Let l be a prime number different from the characteristic of k F . Then the following conditions are equivalent:
(i) the action of I F on V l (A) is unipotent, (ii) the abelian variety A has semi-stable reduction over F .
Proof. This follows from Proposition 3. Proof. By Theorem 1.1 there is a local field F of characteristic zero with a perfect residue field and there is a finite Galois extension K|F such that there is no solvable extension L|F such that the extension KL|K is unramified, where KL is the composite of K and L. Choose a faithful finite-dimensional Q-linear representation ρ : Gal(K|F ) → GL(V ) and by slight abuse of notation let ρ also denote the composition of the quotient map Gal(F |F ) → Gal(K|F ) and ρ. Choose a prime number l different from the characteristic of k F . By Proposition 3.6 there is an abelian variety A over F such that V l (A) has a quotient W isomorphic to ρ l as a Gal(F |F )-representation. We claim that A does not acquire semi-stable reduction over any solvable extension of F . Assume the contrary and let L|F a finite solvable Galois extension such that A L has semi-stable reduction. By Theorem 3.7 the action of I L on V l (A) is unipotent. Therefore the the action of I L on W is unipotent, too. In particular the image of I L under ρ l is a pro-l group, and hence the extension Gal(KL|L) is tamely ramified. Therefore there is a finite solvable Galois extension L |L such that Gal(KL |L ) is unramified by Lemma 4.6 of [10] . The extension L |F is solvable as it is a tower of solvable extensions. This is a contradiction.
Proof of Corollary 1.2. By the proposition above there is a field F of characteristic zero complete with respect to a discrete valuation whose residue field is perfect and there is an abelian variety A over F which does not acquire semistable reduction over any solvable extension of F . For any geometrically irreducible, smooth, projective curve D we let Jac(D) denote the Jacobian of D. By Faltings's trick (see Theorem 10.1 of [8] on page 198) there is a smooth, projective, geometrically irreducible curve C over F such that there is a surjective homomorphism φ : Jac(C) → A of abelian varieties over F . We claim that C does not acquire semi-stable reduction over any solvable extension of F . Assume the contrary and let K|F a finite solvable Galois extension such that C K has semi-stable reduction. Then Jac(C) K = Jac(C K ) also has semi-stable reduction by Theorem 2.4 of [1] on page 89. Therefore the action of I K on V l (Jac(C) K ) is unipotent by Theorem 3.7 where l is a prime number different from the characteristic of k F . Because the homomorphism φ l : V l (Jac(C) K ) → V l (A K ) induced by φ is surjective we get that the action of I K on V l (A K ) is unipotent, too. Therefore A K has semi-stable reduction by Theorem 3.7. This is a contradiction.
